A reciprocal vector theory for analysis of the Talbot effect of periodic objects is proposed. Using this method we deduce a general condition for determining the Talbot distance. Talbot distances of some typical arrays (a rectangular array, a centered-square array, and a hexagonal array) are derived from this condition. Further, the fractional Talbot effect of a one-dimensional grating, a square array, a centered-square array, and a hexagonal array is analyzed and some simple analytical expressions for calculation of the complex amplitude distribution at any fractional Talbot plane are deduced. Based on these formulas, we design some Talbot array illuminators with a high compression ratio. Finally, some computer-simulated results consistent with the theoretical analysis are given.
INTRODUCTION
The phenomenon of self-imaging of periodic objects, also known as the Talbot effect, was first observed by H. F. Talbot in 1836 [1] . When a periodic object is illuminated with a coherent light, exact Talbot images will be found at the Talbot distance from the object. In addition to Talbot images, many more fractional Talbot images can be observed at fractions of the Talbot distance [2] . The Talbot array illuminator (TAI) is based on an interesting diffractive phenomenon that an input complex amplitude with a periodic distribution can generate phase-only distributions at fractional Talbot distances, and so, conversely, it is possible to use the phase distribution for the array illuminator. Since Lohmann and Thomas [3] demonstrated the array illuminator based on the fractional Talbot effect, many researchers published their work on this subject. For example, recent research revealed some new aspects of the fractional Talbot effect such as the symmetry rule [4] , the regularly rearranged neighboring phase difference rule [5] , the prime-number decomposition rule [6] , and the polarization-dependent properties [7] . These results offer us new ways for designing TAIs.
Determining the phase distribution on fractional Talbot planes is a key task in the design of a TAI. Leger and Swanson [8] gave a simple formula to calculate the phase distribution for some even-number compression array illuminators. Szwaykowski and Arrizon [9] gave their formulas to design an array illuminator for arbitrarynumber compression, but the formula is very complicated. Zhou et al. [4, 5, 10] gave some simple equations for the calculation of the phase distribution at any fractional parameter, but these equations are used only to calculate the one-dimensional (1D) grating or the two-dimensional (2D) array obtained by two orthogonal gratings. If the periodic object is nonorthogonal, such as a hexagonal array, it will be difficult to give simple equations. However, we find that it is convenient to analyze self-imaging using a reciprocal vector theory. In our previous paper [11] , we have given a succinct but incomplete description about this theory in the case of a hexagonal array.
In this paper we give a systematic analysis of the Talbot effect and the fractional Talbot effect using the reciprocal vector theory. Based on this method we deduce some useful analytical expressions describing not only the amplitude but also the phase distribution on any fractional Talbot plane in cases of a 1D grating, a square array, a centered-square array, and a hexagonal array. Using these new formulas, we design some TAIs with high compression ratios. In Section 2 the reciprocal vector theory for analysis of the Talbot effect is proposed, and using this method a general condition for determining the Talbot distance is described with a reciprocal-lattice vector. Based on this general condition, Talbot distances of a rectangular array, a centered-square array, and a hexagonal array are deduced. In Section 3 detailed discussions are given to analyze the fractional Talbot effect of some typical arrays, and some simple analytical expressions for calculation of the complex amplitude distribution at any fractional Talbot distance are given for the first time to the best of our knowledge. In Section 4, we design three types of TAIs with high compression ratios using these analytical formulas and demonstrate the output results of the TAIs by computer simulations.
RECIPROCAL VECTOR THEORY OF THE TALBOT EFFECT
First, we define a lattice function for describing a 2D periodic object in a way similar to the theory used in solid state physics [12] . A 2D periodic object in the input plane ͑Z =0͒ can be expressed as
where ‫ء‬ denotes the convolution operation and u 0 ͑r ជ͒ is the complex amplitude of one unit cell of the object. For simplification of the expression, we define the special function of lattice͑r ជ , R ជ n ͒ as an array of 2D periodic delta functions, which corresponds to the periodic lattice points of the input object with lattice vector R ជ n , which is defined as
where n 1 and n 2 are the lattice index (zero or integers) and a ជ 1 and a ជ 2 are the basis vectors of the lattice. According to the properties of the Fourier transform of delta functions, the Fourier transform of the lattice function of lattice͑r ជ , R ជ n ͒ can be written as
where K ជ h is the position vector of the lattice points in the spatial frequency domain, also called the reciprocallattice vector. This reciprocal-lattice vector can be defined as
where h 1 and h 2 are reciprocal-lattice indices and b ជ 1 and b ជ 2 are the reciprocal basis vectors. The coefficient of S n in Eq. (3) is the area of the unit cell defined by the basis vec-
The inverse Fourier transform of the reciprocal-lattice function lattice͑ ជ , K ជ h ͒ can be expressed as
where the coefficient S h is the area of the unit cell defined by the vectors ͑b
The relation between the basis vectors and the reciprocal basis vectors can be derived from an analysis similar to the one used in crystal physics and can be written as
where a ជ 0 and b ជ 0 are auxiliary unit vectors, which are perpendicular to the planes ͑a ជ 1 , a ជ 2 ͒ and ͑b ជ 1 , b ជ 2 ͒, respectively. Based on the reciprocal relation of the lattice functions described above, we now begin to analyze the diffraction field of a 2D periodic object. From Eq. (1) the Fourier transform of U͑r ជ͒ can be expressed as
According to the angular spectrum theory, the diffraction field distribution U z after a free-space propagation of distance z is given by
ͬͮ .
͑8͒
In the Fresnel approximation, Eq. (8) can be further reduced to
where is the wavelength of the input light. Because it is only at the end points of the vectors K ជ h that the values of the reciprocal-lattice function of lattice͑ ជ , K ជ h ͒ are not equal to zero, we can conclude that if the diffractive distance z satisfies the condition of
the complex amplitude can be rewritten as
It can be seen that the complex amplitude of the diffraction field is in proportion to the complex amplitude of the input field; that is, the self-imaging phenomenon or Talbot effect takes place at the diffractive distance of z satisfying the condition of Eq. (10). Equation (10) Table 1 we list the basis vectors ͑a ជ 1 , a ជ 2 ͒, the reciprocal basis vectors ͑b ជ 1 , b ជ 2 ͒, and the absolute quadratic reciprocal vectors of the rectangular array, the centered-square array, and the hexagonal array. The Talbot distance of these typical arrays can be deduced easily by substituting ͉K ជ h ͉ 2 shown in Table 1 into Eq. (10). For example, in the case of a rectangular array, if we let ͑a 1 / a 2 ͒ 2 = l 1 / l 2 (where l 1 and l 2 are integers and have no common divisor), the Talbot distance can be easily derived as z T =2l 1 a 2 2 / =2l 2 a 1 2 / . If ͉a ជ 1 ͉ = ͉a ជ 2 ͉ = a (corresponding to a square array), the Talbot distance is z T =2a 2 / . In the case of the centered-square array and the hexagonal array, by substituting the corresponding ͉K ជ h ͉ 2 into Eq. (10), we get the Talbot distances z T = d 2 / and z T =3⌬ 2 /2, respectively, where d is the length of the basis vector of ͉a ជ 1 ͉ in the centered-square array [as shown in Fig. 1(b1) ] and ⌬ is the least distance of two adjacent lattice points of the hexagonal array. These conclusions coincide with previously published results [3] .
RECIPROCAL VECTOR THEORY OF THE FRACTIONAL TALBOT EFFECT
In this section we try to discuss the fractional Talbot effect of some typical periodic arrays using the reciprocal vector theory described above. First, we express the fractional Talbot distance as z ␤ = z T / ␤ (␤ is an integer, known as the fraction parameter). Then, the complex amplitude at the fractional Talbot plane with diffraction distance of z ␤ can be written as
where F͑h 1 , h 2 , ␤͒ is the transfer function at the fractional Talbot distance; that is,
According to the periodicity of the values of the transfer function at the lattice points, the reciprocal lattice in Eq. (12) can be further expressed as a convolution between a new cell function C͑ ជ͒ and a new lattice function lattice͑ ជ , ␤K ជ h ͒; that is, Eq. (12) can be rewritten as
where
After operating the inverse Fourier transformation, Eq. (14) can be reduced as 
ជ and j ជ are orthogonal unit vectors of the coordinate system; a 1 and a 2 are the side lengths of the rectangular unit cell, as shown in Fig. 1͑a1͒ ; d is the length of the basis vector of ͉a ជ 1 ͉ in the centered-square array, as shown in Fig. 1͑b1͒ ; ⌬ is the least distance of two adjacent lattice points of the hexagonal array, as shown in Fig. 1͑c1͒ .
where the coefficient c͑r ជ͒ can be obtained by the inverse Fourier transform of Eq. (15); that is,
Using Eqs. (2) and (4), Eq. (17) can be further rewritten as
Compared with the input field in Eq. (1) 
A. One-Dimensional Grating
Let us start by analyzing a 1D grating. The Talbot distance of a grating with a period of l is z T =2l 2 / . Because the transfer function corresponding to a grating can be expressed as
Eq. (18) can be simplified as
Taking into account the fact that n and h are integers in Eq. (21), the amplitude and the phase distributions of the diffraction field of the grating at a fractional Talbot distance can be simplified as the following analytical expression: 
where ␣ is given by
In Eq. (23a) a constant phase item is ignored for simplicity. From the amplitude distribution given by Eq. (22) and the lattice structure of the diffraction field at the fractional Talbot plane, we can find that if the fraction parameter ␤ is odd and the opening ratio of the grating is equal to 1 / ␤, the amplitude at the fractional Talbot plane with a diffraction distance of z T / ␤ has a uniform distribution; that is, the diffraction field at a fractional Talbot distance of z T / ␤ has a phase-only distribution. When the fraction parameter ␤ is taken as even, the opening ratio of the grating must be taken as 2 / ␤ for producing a phase-only distribution at a fractional Talbot distance of z T / ␤, because there exist some zero items in this situation. These results are consistent with those discussed in [5] except for a constant phase item.
B. Square Array
For a square array with a basis vector length of ͉a ជ 1 ͉ = ͉a ជ 2 ͉ = a, the fractional Talbot distance is equal to 2a 2 / ͑␤͒ and the corresponding transfer function can be expressed as
The coefficient c͑n 1 , n 2 , ␤͒ of Eq. (18) has the form shown below:
͑25͒
After a mathematical analysis similar to that in the grating case, the amplitude and the phase with a fraction parameter of ␤ can be expressed as 
where ␣ is also given by Eq. (23b). From Eqs. (26) and (27) we know that if ␤ is even, the diffraction field of the square array on the fractional Talbot plane is also a square array, although all the lattice points of n 1 = n 2 2m (when ␤ / 2 is also even) or n 1 = n 2 2m + 1 (when ␤ / 2 is odd) have vanished; that is, if we remove the zero points from the lattice in Eq. (26), the remaining points also form a new square lattice, of which the basis vector length is reduced to 2a / ␤. In this situation the amplitude of the coefficient for all the points of the new lattice is always equal to 2 / ␤, while the phase distribution is described by Eq. (27) with ␣ = 0 (when ␤ /2 is also even) or ␣ =1/2 (when ␤ / 2 is odd).
If ␤ is taken as an odd number, the diffraction field at the fractional Talbot plane is also a square lattice, and its basis vector is reduced to a / ␤. The amplitudes of the coefficient c͑n 1 , n 2 , ␤͒ at each lattice point are all equal to 1/␤, and the phase distribution is determined by Eq. (27) with ␣ = 1 (when ␤ =4L +1) or ␣ = −1 (when ␤ =4L −1).
C. Centered-Square Array
When the input field is a centered-square array, the fractional Talbot distance is equal to z = z T / ␤ = d 2 / ͑␤͒. Using the basis vectors listed in Table 1 , we get
͑28͒
After similar analysis the amplitude and the phase distribution of this coefficient can be expressed as 
where ␣ is also given by Eq. (23b). It should be noted that the length of the basis vector on the fractional Talbot planes is 2d / ␤ after removing the zero points from the lattice shown by Eq. (29) when ␤ is even. If ␤ is odd, the length of the basis vector on the fractional Talbot planes is reduced to d / ␤.
D. Hexagonal Array
In this situation the fractional Talbot distance can be expressed as z = z T / ␤ =3⌬ 2 / ͑2␤͒, and the coefficient shown in Eq. (18) can be written as
͑31͒
After some numerical analysis, we finally find that the amplitudes A͑n 1 , n 2 , ␤͒ of the coefficient can be expressed as
The phase of the coefficients is ͑n 1 ,n 2 ,␤͒ = 2
͑34͒
Note that when ␤ =3L, ͑L =1,2,3,¯͒ the lattice structure of the field at the fractional Talbot plane is also a hexagonal lattice, although all the lattice points of n 1 − n 2 3 m have vanished. We prove that, if these zero points are removed from the lattice in Eq. (32), the remainding points will form a new hexagonal lattice with a reduced length of the basis vector of ͉a ជ Ј 1 ͉ = ͱ 3⌬ / ␤, while the direction of the new basis vector is rotated by 30°com-pared with the input basis vector (as shown in Fig. 2 with ␤ = 3). The amplitude of the coefficient is equal to ͱ 3/␤ for all the lattice points. In fact, Eq. (33) provides an analytical formula for determining the phase-only distribution of a hexagonal TAI with any fraction parameter. For example, using Eq. (33), we can easily find that the phase distribution of a hexagonal TAI with ␤ = 2 includes only two phase steps of 0 and . This is consistent with the result reported in [13] .
SIMULATION AND DISCUSSION
For demonstration of the analysis described above, we further simulate the fractional Talbot effect of the square array, the centered-square array, and the hexagonal array. Figure 3(a) gives the simulated results of the square array. In this simulation, the wavelength of the input beam is taken as = 0.6328 m; the length of the basis vectors of the square array is ͉a ជ 1 ͉ = ͉a ជ 2 ͉ = a = 280 m; the bright spot in a unit cell is taken as a square with the side length of 70 m. Figure 3(a1) is the intensity distribution of this input square array. The Talbot distance is z T = 247.79 mm. Its fractional Talbot images at distances of z T /2, z T / 3, and z T / 4 are shown in Figs. 3(a2), 3(a3) , and 3(a4) respectively. We can see that all the fractional Talbot images have the same square array structure as that of the input field, while the period of the output array varies with the fraction parameter of ␤, which behaves in a manner similar to the frequency-increase phenomenon discussed in [10] . When ␤ = 2, the length of the output basis vectors is the same as that of the input field; when ␤ = 3, the period is reduced to a / 3 = 93.33 m; and when ␤ = 4, the period is reduced to a /2=140 m. Another difference is that all of the unit cells will shift a half-period from the positions in the original field when ␤ = 2. These results are consistent with the theoretical analysis shown in Eqs. (26) and (27).
In Fig. 3(b) we give the results of a centered-square array. We can see that this situation is the same as that of the square array after a rotation of 45°. In fact, Eq. (30) will be simplified to Eq. (27) if we operate a rotation transform of 45°to the centered-square array.
Figure 3(c1) shows a hexagonal periodic object. Here the least distance of two adjacent lattice points of the hexagonal array is taken as ⌬ = 300 m. The amplitude of the unit cell is not equal to zero only in a hexagonal spot with a width of 70 m, as shown in Fig. 3(c1) . The Talbot distance is given by z T =3⌬ 2 /2 = 213.34 mm. The fractional Talbot image at ␤ = 2 is shown in Fig. 3(c2) , which demonstrates that the image is also a hexagonal array, but the intensity of each bright spot in the unit cells becomes 1 / 4 of the input intensity and its period reduces to 1 / 2 of the input period. Figure 3(c3) gives the fractional Talbot image in the case of ␤ = 3, which illustrates that this image is a hexagonal array with a reduced intensity equal to 1 / 3 of the original intensity and a reduced period equal to 1 / ͱ 3 of the original period. At the same time, the basis vectors of the image lattice are rotated 30°with respect to the input lattice. The fractional Talbot image when ␤ =4 is shown in Fig. 3(c4) . From Fig. 3(c4) we know that the in- Fig. 3 . Square array (a1) and its fractional Talbot image at ␤ = 2 (a2), ␤ = 3 (a3), and ␤ = 4 (a4). A centered-square array (b1) and its fractional Talbot image at ␤ = 2 (b2), ␤ = 3 (b3), and ␤ = 4 (b4). A hexagonal array (c1) and its fractional Talbot image at ␤ = 2 (c2), ␤ = 3 (c3), and ␤ = 4 (c4).
tensity of the unit cell is equal to 1 / 16 of the original, and the least distance of the adjacent lattice becomes 1 / 4 of the original. These results are in accord with the reciprocal vector theory.
One of the important applications of the fractional Talbot effect is the design of TAIs. For our examples here, we designed such a phase-only array illuminator with a high compression ratio of ␤ 2 based on the formulas described above. Our computer-simulated results are shown in Fig.  4 . In these simulations the wavelength of the input beam is taken as = 0.6328 m and the sample space of pixels is taken as 5 m ‫ء‬ 5 m. Figure 4(a1) shows an example of a phase-only array illuminator of a square array designed according to Eq. (26) with the fraction parameter of ␤ = 17. This TAI can generate an array of optical field, which has a unit square spot with a side length of 35 m and a basis vector with the length of a = 595 m. When this phase-only element shown in Fig. 4(a1) is illuminated by a plane beam, the intensity distribution at a fractional distance of z ␤ =2a 2 / ͑17͒ = 65.8 mm is transformed into a square array, which is shown in Fig. 4(a2) . The intensity of the unit cell of the output field is almost 290 times higher than that of the input field; that is, this TAI has a high compression ratio. Figures 4(b1) and 4(b2) show the phase distribution of a TAI with a centered-square structure and its reconstructed intensity distribution at the fractional distance, respectively. In this case, each bright spot of the output array is designed as a square spot with a side length of 35 m, the length of the basis vector a ជ 1 of the centered-square array is equal to ͉a ជ 1 ͉ = d = 850 m [as shown in Table 1 and Fig. 1(b1) ], and therefore the fractional distance in this case is equal to z ␤ = d 2 / ͑17͒ = 67.2 mm. Figures 4(c1) and 4(c2) give an example of a TAI with a hexagonal structure and its corresponding reconstructed field at a fractional distance, respectively. Here the hexagon spot has the size of 40 m (corresponding to the distance between two parallel borders of the spot) and the basis vector length of ͉a ជ 1 ͉ = ͉a ជ 2 ͉ = ⌬ = 680 m. The fractional distance is z ␤ =3⌬ 2 / ͑2 ϫ 17͒ = 64.5 mm. From the simulated results shown in Figs. 4(a2), 4(b2) , and 4(c2), we can see that the phase-only pattern designed by the theory described above really can be taken as array illuminators, which successfully transform the input plane beam into the desired array of output fields. In the above examples of designed TAIs, The output intensity of the unit cell is almost 290 times higher than that of the input field; that is, a TAI with a high fraction parameter of ␤ possesses a high compression ratio or a high ability to focus the input beam, because the output intensity is ␤ 2 times higher than the input field.
CONCLUSIONS
It is convenient to analyze the Talbot effect and fractional Talbot effect of 2D periodic objects using the reciprocal vector theory. A general equation is derived to describe the Talbot effect. Using this method, we deduced the Talbot distance of some typical periodic arrays. Further, we found some simple analytic formulas for the phase and the amplitude distribution of some typical arrays at any fractional Talbot distance of z T / ␤. Finally, we gave some examples for designing the TAIs according to these analytic formulas and demonstrated the reconstructed output field by computer simulations. Fig. 4 . Examples of the TAIs designed according to Eqs. (23a), (23b), (27), and (30) using a high fraction parameter of ␤ = 17, where (a1), (b1), and (c1) are the phase distributions of the TAIs corresponding to a square array, a centered-square array, and a hexagonal array, respectively. When these TAIs are illuminated by a plane wave, the reconstructed intensity distributions at the corresponding fractional Talbot distance are shown in (a2), (b2), and (c2), respectively. The fractional Talbot distance is equal to 65.8 mm (for the square TAI), 67.2 mm (for the centered-square TAI), and 64.5 mm (for the hexagonal TAI).
